Pound-Drever-Hall Error Signal

Derivation
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Where L is the nominal cavity length:
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params = {¢0 - , pusb » ——— , Pplsb » —}
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| have make this a list of parameters, so we can leave things in terms of ¢0,¢usb,¢lsb,

Notice that we can also do another phase breakdown where

gusb = ¢0 + ¢rf and ¢lsb = ¢0 - ¢rf
where
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orf = —

ro is the reflected carrier refl[¢0],
rpQ is the reflected upper sideband refl[¢usb],
rmQ is the reflected lower sideband refl[¢lsb].

reflparams = {r0 - refl[¢0], rpQ - refl[pusb], rmQ -» refl[¢plsb]};
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Erefltotal = Ein|ro+I — rpQ Exp[I o) t]+ IrmQ— Exp[—I Q t]);
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Use ComplexExpand, which assumes all variables are real variables, with Conjugate to
quickly calculate our power.




However, in Mathematica we need to be careful because r0, rusb, and risb are NOT real
variables, they are complex.
So when we take the complex conjugate we need to keep track of them.

| keep track of this manually below, by replacing r0, rusb, and rlsb with rOc, rusbc, and
risbc, where the “c” suffix indicates complex conjugate.
Not elegant but it works.

TrigToExp expands our trig expressions we get from FullSimplify into exponentials, which is
easier to reach given our starting point
reflcparams = {r0c -» refl[-¢0], rpQc - refl[-¢usb], rmQc -» refl[-¢lsb]};

Erefltotalc
TrigToExp[ComplexExpand[Conjugate[Erefltotall]]/. {r® -» rOc, rpQ - rpQc, rmQ - rmQc}

) 1 ) 1 S
e t“PEQ roc- — i et L YPEQ rmQc T - — it TL“PEQ rpQcT
2 2
Prefltotal = Tr-igToExp[FullS'impl'ify[ComplexExpand[Erefltotal Ereﬂtotalc]]]
b e 1.
EQS roroc+—ie ™2 E0S roc rmQr-— et E0C ro rmQe T +

P 2

1 ) 1 ) 1
— i E0S roc rpQT-—ie’t®E0% ro rpQcr+ — EOS rmQ rmQc ¢ +
2 2 4
1 " 1 " 1
— e“"L2E0¢ rmQc rpQTS + — e L2 ERS rmQ rpQc ¢+ — EOS rpQ rpQc ¢
4 4 4
Prefltotal = Prefltotal/. {I* » 6}
2 L. itapgq2
EO’r0rOc+—ie’*®EO% roc rmQr -

p

1 1 1 i
— it E’ rormQc T+ — i *? EQ% rOc rpQ - —ie’ "2 E0% ro rpQc
2 2 2

Ot 3nd e’ coefficients.

First, Collect our P.eq(t) by using e




Collect[Prefltotal s {ei EE e—ﬁtQ}]
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The first term above is the DC term, the second term associated with ¢'t? is the y term,
and the third term associated with ¢t is the z term:
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Analyzing z and y we see that y is the complex conjugate of z.
We can write y = z*.

Prefl=EQ’r0O rOc+z e t? +z¢'t?

Cos[Qt]+i Sin[Qt] = e'?, so we can combine our two real demodulations into a single
complex demodulation. This will gives us a complex number whose real and imaginary
parts represent our usual | and Q outputs.

Looking at our Prefl expression above:

Prefl=EQ?r0OrOc+z*e't? +ze t?

it’s clear that if we multiply by e’?t and integrate Prefl by one cycle in Qt, the DC term and
et will go to ¢ *? and e?*?, and will integrate to zero over one cycle.

BUT the e*® term goes to stationary in time, so we should get exactly z out of our demodu-
lation:
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First, we must substitute all instances of ¢0: pusb - @0+¢rf, ¢plsb - @0 - ¢rf, as well as our
reflection terms r(¢0).

Then we take the derivative,

then evaluate at ¢0 - 0.

dPreflQd¢o = S1'mp1'ify[
D[Pref'LQ I. reflparams /. reflcparams /. {¢pusb -» @0+ ¢rf, ¢lsb » ¢0 - ¢rf}, ¢O]];

dPreflQd¢0ato = Simplify[dPreflQdgo /. {¢0 - 0}]
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Below we evaluate our P%,.q signal.

The main signal appears in the real quadrature,

with some small blip in Q-quadrature due to a slight overlap in carrier and RF sideband
resonances.

The discriminant dPQreﬂ/dqboxqu is plotted as a dashed line, and gives our optical gain

about resonance.

This error signal has a very distinctive shape, and is highly non-linear outside the region of
carrier resonance.

But inside the resonance, it is very discriminating, and able to provide an excellent, strong,
linear error signal.

This can be detected with a radio-frequency photodetector (RFPD).

The RF sidebands do show up in our PDH error signal sweep, as the side lobes on either
side of the carrier resonance.

The side lobes represent when the Upper Sideband or Lower Sideband starts to resonant
inside the cavity.

The RF sidebands have a strong response in the imaginary quadrature,

while the carrier does not.




values:{L-»l, T1-50.1, T250.1,rl> \1-T1,r2-> 41-T2,

7T
EO»>1,F> 0.1, gusb > ¢0+¢prf, ¢lsb » ¢p0-prf, ¢rf - —};
4
PreflQ /. reflparams /. reflcparams;

plotPreflQ = PreflQ/. reflparams /. reflcparams //. values;
plotdPreflQd¢Oate = dPreflQd¢0ato //. values;
JT T
Plot[{Re[plotPrefla], Re[plotdPrefladgeate ¢o]}, {¢o, -, —},
2

PlotRange -» {-0.06, 0.06}, PlotStyle - {Thickness[0.005], Dashed},
de =D

PlotLegendsa{"PDH Error Signal Pj—p(¢p)", "PDH discriminant x¢o"},
déo

AxeslLabel » {"Carr'ier\nPhase ¢o\n[rads]", "Re[P, :>D]"}, ImageSize » Large]

JT JT
Plot[{InplotPrefla], In[plotdPrefladgeate o]}, {¢o, -, },
2’ 2

PlotRange -» {-0.06, 0.06}, PlotStyle - {Thickness[0.005], Dashed},
AxesLabel » {"Carr‘ier\nPhase ¢o\n[rads]", "Im[P, :>D]"}, ImageSize » Large]
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For fun, in the manipulate plot, I've added in the Demod Angle ¢, which is just a simple
rotation of the detected | and Q quadrature.

The way to consider the demod phase is similar to the arbitrary phase accrued while trans-
mitting to the photodetector.

We can explicitly consider it while demodulating by demodulating over Cos[Qt+{]and
Sin[Qt+].

If we set ¢ = ’—ZT we'll flip which quadrature our signal is in.

man'ivalue52={L—>1, ri-> A1-T1,r2-> 41-T2, E0 > 1, gush > ¢0+ ¢rf, ¢lsb—>¢0—¢rf}

{L—>1, rl->A1-T1,r2-> 1-T2, E0O > 1, pusb » 0+ ¢rf, ¢lsb—>¢o-¢rf}

maniPreflQ[¢0_, ¢rf_, I, T1_, T2_] :=

Evaluate[PreflQ /. reflparams /. reflcparams //. manivalues2]




Man‘ipulate[

Column[{

JT JT
Plot[Re[maniPrele[ch, ¢rf, r, T1, T2] Exp[I {]], {¢0, — —}, PlotRange - Full,
2 2

dP s
PlotLegends—»{"PDH Error Signal P eri(¢e)", "PDH discriminant = x¢@"},
d¢,

AxesLabel » {"Carr'ier\nPhase ¢o\n[rads]", "Re[PQreﬂ]”},

ImageSize -» Large, PlotPoints » 200],

JT JT
Plot[In[maniPreflalge, ¢rf, T, T1, T2 Exp[I¢]], {¢0, =, =1
2’ 2

PlotRange -» Full, AxesLabel » {"Carr-ier\nPhase do\n[rads]", "ImP% 1"},

ImageSize -» Large, PlotPoints » 200]
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{{¢rf, — , "RF Phase ¢rf [rads]"}, o, —},
4 P

{{r, 0.1, "RF Modulation Depth I [rads]"}, o, 0.5},

{{Tl, 0.1, "Input Mirror Transmission Tl"}, 0, 1},

{{Tz, 0.1, "End Mirror Transmission T2"}, 0, 1},

{{g’, 0, "Demod Angle ¢ [rads]"}, -7, n},

Paneled - False
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Below we evaluate our P%q signal as a phasor.
The carrier resonance is the line almost perfectly along the real axis.
The circles are the RF sideband sidelobes.

Those circles are representative of the reflection of the RF sidebands off the cavity, rotated
by either + or -90°.

If we increase the cavity finesse by lowering the mirror transmission T2 or T1, our signals
get stronger and cleaner,

as the improved finesse of the cavity shrinks the size of the resonance, preventing mixing.

T 7T
ParametricPlot[{Re[plotPrele], Im[plotPreflQ]}, {¢0, -—, —}, AspectRatio - 1,
2 2

PlotRange -» Full, AxesLabel » {"Re[P® c]", "IM[P% r]"}, ImageSize - Large]
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Man‘ipulate[

Parametri cPlot[

{Re[mam’Prele[d)O, orf, r, T1, T2] Exp[I (]], Im[maniPref'LQ[d)O, orf, r, T1, T2] Exp[I ;’]]},

T T

{4)0, -—, —}, PlotRange -» Full, PlotLegends - {"PDH Error Signal P esu(de)"?,
2 2

AxesLabel - {"Re[P%er]", "IM[P% c]"}, ImageSize » Large, PlotPoints » 200],
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{{r, 0.1, "RF Modulation Depth I [rads]"}, 0, 0.5},
{{Tl, 0.1, "Input Mirror Transmission Tl"}, 0, 1},
{{TZ, 0.1, "End Mirror Transmission T2"}, 0, 1},

{{(, 0, "Demod Angle ¢ [rads]"}, -7, rr},

Paneled -» False
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