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Coupled Cavity Sensing Matrix
In Part 1, we learned about a coupled cavity and compound interferometers, and explored the basics of
the coupled cavity resonance. In Part 2, we will learn how to sense the PDH signals for the two degrees
of freedom L1 and L2. This will form our sensing matrix, which can be used to simultaneously detect and
feed back to the mirror locations to keep our interferometer on the desired resonant points (derived in Part

1 to be ϕ1,0 = ϕ2,0 = 0 for carrier and ϕ1,Ω = ϕ2,Ω =
π

2
for the RF sidebands.)
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Figure 1: Coupled-cavity interferometer, with three mirrors aligned and carrier (red) plus one set of RF
sidebands (pink and orange) incident. Also labeled is the REFL and POP fields, standing for the reflection
and pick-off ports.

Recall the coupled cavity equations from Part 1’s solutions are

r(ϕ1, ϕ2) =
Erefl

Ein
(ϕ1, ϕ2) =

r1 − r1r2r3e
−i2ϕ2 + r2e

−i2ϕ1 − r3e
−i2(ϕ1+ϕ2)

1 + r1r2e−i2ϕ1 − r2r3e−i2ϕ2 − r1r3e−i2(ϕ1+ϕ2)
(1)

g1(ϕ1, ϕ2) =
Ecav,1

Ein
(ϕ1, ϕ2) =

t1(1− r2r3e
−i2ϕ2)

1 + r1r2e−i2ϕ1 − r2r3e−i2ϕ2 − r1r3e−i2(ϕ1+ϕ2)
(2)

g2(ϕ1, ϕ2) =
Ecav,2

Ein
(ϕ1, ϕ2) =

t1t2e
−iϕ1

1 + r1r2e−i2ϕ1 − r2r3e−i2ϕ2 − r1r3e−i2(ϕ1+ϕ2)
(3)

t(ϕ1, ϕ2) =
Etrans

Ein
(ϕ1, ϕ2) =

t1t2t3e
−i(ϕ1+ϕ2)

1 + r1r2e−i2ϕ1 − r2r3e−i2ϕ2 − r1r3e−i2(ϕ1+ϕ2)
(4)

where ri, ti the ith mirror reflectivity and transmissions.
Also recall the simplified PDH error signal expression for a Fabry-Perot (See PDH tutorial and solu-

tions):

PPDH = i
Γ

2
Pin (f(ϕ0)

∗f(ϕ0 − ϕrf )− f(ϕ0)f(ϕ0 + ϕrf )
∗) (5)

where f represents the Fabry-Perot field transfer function from input to any port.
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Coupled Cavity Degrees of Freedom
When dealing with complex interferometers with multiple fields resonating inside of them, it can be

difficult to parse exactly what signals our photodetectors are sensing, and how they are related to the
motion of different optics. For instance, consider what happens if the middle mirror of our coupled cavity
moves. All three of our fields will respond to that motion, the carrier ω0 and RF sidebands ω0 ± Ω.

For simplicity, let’s consider the end mirror r3 motion about it’s nominal resonance point, ϕ1 = ϕ2 = 0.
End mirror motion will only move L2, and will modulate only the carrier 1. Let’s call this end mirror
motion about nominal ∆ϕ2.

Equation 5 gives us a general complex expression for calculating the PDH error signal at any port of a
Fabry-Perot interferometer. One can imagine replacing the Fabry-Perot transfer functions f(ϕ) with the
coupled cavity transfer functions c(ϕ1, ϕ2) from Eqs 1-4. Then, we could imagine using that coupled-cavity
PDH error function to calculate the PDH discriminate about ϕ2 = 0: ∆PPDH/∆ϕ2.

Sensing Matrix
A sensing matrix takes an interferometer degree of freedom’s motion in radians about it’s nominal

position, like ∆ϕ1 and ∆ϕ2, and converts it to detected photodetector signal in watts. The photodetector
signal can in general be DC light or RF-demodulated PDH IQ signals. In this example, we’ll focus on
constructing the following sensing matrix:
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The sensing matrix converts interferometer motion in radians to real power signals on our diodes in
watts: each matrix element is the PDH discriminant in W/rad. Both ∆ϕ1 and ∆ϕ2 will contribute to
a signal appearing in any diode, but the sensing matrix element sizes can help us decipher where signals
appear strongest.

In the end, the sensing matrix is extremely useful because once it is calculated, it can be inverted to
be used in control systems. The inverted sensing matrix directs photodetector signals to specific degrees
of freedom, then to actuators meant to control those degrees of freedom. Inverting sensing matrices is
sometimes extremely difficult if two degrees of freedom are largely degenerate. This is the game LIGO
commissioners play fairly regularly at the site 2.

Assembly of a Coupled Cavity Sensing Matrix
1. Construct and evaluate a sensing matrix for the CARM coupled cavity of Advanced

LIGO. It is typical for ϕ1 and ϕ2 to be separated into two degrees of freedom called PRCL and CARM,
respectively 3. The detection ports should be the REFL and POP I and Q quadratures. Assume a lossless
interferometer with T1 = 3.1%, T2 = 1.5%, T3 = 5 ppm, L1 = 56 m, and L2 = 4000 m. You will need an
algebra helper or python script to calculate this.

1The above statement “End mirror motion will modulate only the carrier” is not strictly true, as some sideband light always
enters the arm cavity. The RF sideband light is simply antiresonant in the arm cavity, so the response is greatly reduced
compared to carrier.

2In the game of interferometry, you lock or you die
3Of course, Advanced LIGO has two arms, but they both can be combined together into one arm through the compound

interferometer technique perfomed on the Michelson.
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